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Abstract
Quantization in the mini-superspace of a gravity system coupled to a perfect
fluid, leads to a solvable model which implies singularity free solutions through the
construction of a superposition of the wavefunctions. We show that such models
are equivalent to a classical system where, besides the perfect fluid, a repulsive
fluid with an equation of state pQ = ρQ is present. This leads to speculate on the
true nature of this quantization procedure. A perturbative analysis of the classical
system reveals the condition for the stability of the classical system in terms of the
existence of an anti-gravity phase.
PACS number(s): 04.20.Cv., 04.20.Me
The existence of an initial singularity is one of the major drawbacks of the so-called
standard cosmological model. It is a general belief that such problem can be solved
through the employement of a quantum theory of gravity. Indeed, near the singularity
sub-Planckian scales are reached and a classical description of the Universe under this
situation is not appropriate. However, there is no consistent quantum theory of gravity
untill now, and in this sense the problem of the initial singularity remains of actuality.
On the other hand, it is possible to construct a quantum model for the Universe as
a whole, through the Wheeler-de Witt equation, based in the ADM decomposition of
the gravity sector, which leads to a hamiltonian formulation of general relativity, from
which a canonical quantization procedure can be applied. This gives birth to quantum
cosmology[1, 8].
Quantum cosmology is not free from problems. First, it can be applied only to ge-
ometries where a foliation is possible. Moreover, the hamiltonian formalism leads to a
breakdown of general covariance, and the notion of time is lost [3]. There are some recent
proposals by which this notion of time can be recovered. One of these proposals is based
in the coupling of the gravity sector to a perfect fluid. Using the Schutz’s formulation of
a perfect fluid [4], a quantization procedure is possible. The canonical momentum asso-
ciated with the perfect fluid appears linearly in the Wheeler-de Witt equation, permiting
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to rewrite this equation in the form of a Schro¨dinger equation and a time coordinate
associated with the matter field can be identified.
Solutions based on this approach reveal that a superposition of the wavefunctions
which are solutions of the resulting Schro¨dinger’s equation leads to a singularity-free
Universe[5, 6, 7, 8]. The behaviour of the scale factor may be determined in two different
ways: calculating the expectation value of the scale factor, in the spirit of the many
worlds’s interpretation of quantum mechanics; evaluating the bohmian trajectories in
the ontological formulation of quantum mechanics. The results are essentially the same
in both approachs and the scale factor display a bounce, the singularity never being
reached. It must be noted that even if the two procedures are technically equivalent, they
are conceptually very different from each other; there are claims that from the conceptual
point of view only the ontological formalism can be consistently applied to quantum
cosmology[2].
The existence of a bounce indicates that there is a repulsive effect, of quantum origin,
when the scale factor approachs the singularity. In this work we study more in detail
such scenario. It is shown that the quantum scenario can be reproduced exactly by a very
simple classical model where a repulsive fluid is added to the normal perfect fluid. It is
surprising that the repulsive fluid is always the same, given by a stiff matter equation of
state pQ = ρQ, independently of the content of the normal fluid. The existence of this
classical analogous of the quantum model leads us to ask questions on the true nature of
the quantification in this case. Under which conditions the features of a quantum system
can be exactly reproduced by a classical system? Our analysis is restricted to a perfect
fluid coupled to gravity system, where the notion of time is recovered. But we sketch
some considerations on other situations where gravity is coupled to matter fields.
The existence of a classical analogous of the quantum model allows us to perform a
perturbative analysis establishing under which conditions the repulsive phase near singu-
larity may be stable or not. In fact, it must be stressed that a singularity may be avoided
through the violation of the strong energy condition; but, our analysis suggests that the
quantum effects are due to a real anti-gravity phase, which can lead to instabilities under
certain conditions.
In the perfect fluid formulation developed by Schutz, the degrees of freedom associated
with the fluid are given by five scalar potentials in terms of which the four velocity is
written:
uµ =
1
µ
(φ,ν + αβ,ν + θS,ν) (1)
where µ is the specific enthalpy. The four velocity is subjected to the condition
uνuν = 1 (2)
what enables us to express the specific enthalpy in terms of the other five potentials. The
action is then given by
S =
∫
M
d4x
√−gR + 2
∫
∂M
d3x
√
hhijK
ij +
∫
M
d4x
√−gp , (3)
2
where hij is the metric on the spatial section. The action (3) is apparently non-covariant
because of the pressure term. But, in fact, the constraints intrinsic to this formalism
permit to recover the covariance.
We will consider from now on the Robertson-Walker flat geometry (the spatial section
must be compact in order to be consistent with the boundary conditions)
ds2 = N2dt2 − a(t)2hijdxidxj . (4)
We assume a barotropic equation of state p = αρ. Analyzing the conjugate momentum,
and eliminating non-physical degrees of freedom, we can reduce the action (3) to [6]
S =
∫ {
a˙pa + ǫ˙pǫ + S˙pS −NH
}
(5)
where
H = − p
2
a
24a
− 6ka + pα+1ǫ a−3αeS . (6)
There are three cases which will interest us here: α = −1, α = 1
3
and α = 0. The first
two ones have been studied in [5, 6, 8]. Hence, first we work out in detail the third case,
and after we just present the final results for the first two ones.
Following the Schutz formalism for the description of perfect fluid, and specializing it
to a dust fluid, with p = 0, we obtain the following lagrangian,
L = a˙pa + ǫ˙pǫ −NH (7)
where ǫ is the dust variable, with pǫ being its conjugate momemtum, and H is the hamil-
tonian
H = −(p
2
a
24
+ 6ka2) + apǫ . (8)
Classically, this system admits, for the flat case, the well-known dust solution a ∝ t 23 ,
where t is the proper time, or equivalently a ∝ η2, where η is the conformal time.
Imposing the quantization rules
pa → −i
∂
∂a
, pǫ → −i
∂
∂ǫ
(9)
and considering that the hamiltonian becomes an operator which acts on the wavefunction
annihilating it,
H˜Ψ = 0 (10)
we obtain the following partial differential equation governing the behaviour of the wave-
function:
1
24
∂2Ψ
∂a2
− ia∂Ψ
∂ǫ
= 0 . (11)
The fact that the conjugate momentum pǫ associated to the dust fluid variable appears
linearly in the hamiltonian, implies that the Wheeler-de Witt equation in the mini-
superspace assumes a form similar to the Schro¨dinger equation with ǫ playing the role of
time. Perfoming the redefinition [9]
a =
R√
12
, ǫ =
t√
12
. (12)
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we end up with the equation
1
2
∂2Ψ
∂R2
= iR
∂Ψ
∂t
. (13)
We solve equation (13) using the method of separation of variables. It leads to the
following decomposition of Ψ(R, t):
Ψ(R, t) = ξ(R)eiEt (14)
where E is a (positive) constant, and ξ(R) obeys the equation
ξ′′ + 2REξ = 0 . (15)
The prime means derivative with respect to R. The solution for (15) is under the form of
Bessel functions:
ξ(R) =
√
R
(
c1J1/3(βR
3/2) + c2J−1/3(βR
3/2)
)
, (16)
with β =
√
8E
9
. The condition that the hamiltonian operator is self-adjoint, leads to two
possible boundary conditions:
ξ(0) = 0 or ξ′(0) = 0 . (17)
The final results is insensitive to which boundary condition we employ. Hence, we will
work with the first one, but all results are essentially recovered if the second condition is
used.
The general solution is a superposition of (16). In order to have analytical expressions,
we will use the following superposition:
Ψ(R, t) =
√
R
∫
∞
0
β4/3e−αβei
9
8
β2tJ1/3(βR
3/2)dβ . (18)
Its solution is [10]
Ψ(R, t) =
R
(2A)4/3
e
−R3
4A (19)
where A = α− i9
8
t.
It may be asked which predictions such model make for the behaviour of the scale
factor. Using the many world’s interpretation, this mounts to evaluate the expectation
value of the scale factor. It must be stressed that essentially the same result is achieved
by calculating the bohmian trajectories [2]. The measure employed in the expression is
imposed again by the self-adjoint conditon, and the expression for the expectation value
reads: √
12a(t) =< R >=
∫
∞
0 R
2Ψ(R, t)∗Ψ(R, t)dR∫
∞
0 RΨ(R, t)
∗Ψ(R, t)dR
. (20)
Using (19), the expectation value for the scale factor can be calculated and the final result
is
a(t) =
1√
12
2
α
1/3Γ(5/3)
Γ(4/3)
(
α2 +
81
64
t2
)1/3
. (21)
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Note that the classical behaviour is recovered for t → ∞. But, in general, the quantum
model predicts a non-singular model exhibiting a bounce: when the singularity is ap-
proached, quantum effects leads to a repulsive effect, which leads to a regular transition
from a contracting to an expanding phase.
A dynamical vacuum and a radiative fluid can be analyzed through the same lines as
before. These problem were treated in [5, 6, 8] and we just present the final results.
The dynamical vacuum is realized through the equation of state p = −ρ. Finding
the solutions of the corresponding Wheeler-de Witt equation, evaluating the expectation
value of the scale factor, it results
a(T ) =
Γ(4/3)
Γ(7/6)
[
64α2 + 9T 2
8α
]1/6
. (22)
Asymptotically the classical solution for a cosmological constant is recovered if we choose,
in the classical equations of motion, the time gauge N = a−3 (the identification of the
time coordinates can be justified rigorously [6]). In terms of the proper time, the solution
(22) can be rewritten as
a(t) =
Γ(4/3)
Γ(7/6)
√
8α
{
cosh
[
3√
8α
(
Γ(4/3)
Γ(7/6)
)3
t
]}1/3
. (23)
For the radiative case, the wavefunctions can be also determined through the same
procedure and the wave packet constructed. The scale factor expectation value is given
by
a(η) =
1
12
√
2
πσ
√
σ2η2 + (6− pη)2 , (24)
where η is the conformal time, p and σ being real parameters. Again, this solution rep-
resents a non-singular eternal Universe which coincides asymptotically with the classical
radiative solution a ∝ η.
It must be stressed that in all cases, the classical behaviour is recovered for large values
of the proper time. Also, both solutions are singularity free, with a bounce. Near the
bounce repulsive effects appear which, in the ontological formulation, are connected with
the quantum potential which corrects the classical equations of motion.
A general feature of the quantum models developped previously is the appearence
of a repulsive phase for small values of the scale factor, leading to the avoidance of the
singularity. In [11], it was shown that a repulsive gravity single fluid model can lead to
consistent cosmological models if the curvature is negative; however, its stability is not
assured in the absence of ordinary (attractive) matter. Another way of implementing a
repulsive phase in classical cosmology is to consider two fluids, one that acts attractively,
and the other that acts repulsively. In this case, we may have consistent solutions with
flat spatial section. It is desirable that the repulsive fluid dominates for small values of
the scale factor, whereas the attractive fluid dominates for large values of the scale factor.
Hence, in the general, considering just the flat spatial section, we may obtain possible
consistent models from
3
(
a˙
a
)2
= 8πG
(
ρM − ρQ
)
=
C1
am
− C2
an
, (25)
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where pM = αMρM , pQ = αQρQ, m = 3(1 + αM) and n = 3(1 + αQ). The subscripts M
and Q stand for ”normal” matter component and for ”quantum” repulsive component.
Ordinarilly, normal matter may be a cosmological constant, dust or a radiative fluid,
corresponding to αM = −1, 0, 13 , respectivelly. Since it is desirable that the repulsive
component dominates at small values of a, then αQ >
1
3
. We choose then a repulsive stiff
matter fluid αQ = 1, what leads to n = 6. Hence, we will solve the equation (25) with
n = 6 and m = 0, 3 and 4. The solutions are the following:
αM = −1, αQ = 1: a(t) =
(
C2
C1
)1/6
cosh1/3 3
√
C1t ; (26)
αM = 0, αQ = 1: a(t) =
(
C2
C1
)1/3[9
4
C1
C2
t2 + 1
]1/3
, (27)
αM = 1/3, αQ = 1: a(η) =
√
C2
C1
[
C21
C2
η2 + 1
]1/2
. (28)
The comparison of the above solutions with those obtained through the construction
of a superpositon of the wavefunctions resulting from the Wheeler-de Witt equation in
the mini-superspace with only the ordinary perfect fluid, reveals that they are the same.
Hence, wave packets constructed from a quantum model where, besides the scale factor,
there is a perfect fluid matter degree of freedom (which leads to a time coordinate) are
equivalent to a classical model where gravity is coupled to the same perfect fluid plus a
repulsive fluid with a stiff matter equation of state pQ = ρQ. It is really surprising that
the repulsive fluid, in the classical model, is the same irrespective of the normal fluid
employed in the quantum model.
This equivalence of the quantum model with a classical system different from that
used in quantification process makes us to express our doubts on the true nature of the
quantization scheme for this case. The question of reproducing the classical equations
of motion from the quantum ones appears already in the ordinary quantum mechanics,
and they are expressed in the so-called Ehrenfest’s theorem. According to this theorem,
the center of the wave packet may follow a classical trajectory under certain conditions.
Explicitly, taking the expectation values of the Heisenberg’s equations for the position
and momentum operators for a particle of mass m in a potential V (~r), we find [12]
< ~˙r > =
~p
m
, (29)
< ~˙p > = − < ∇V (~r) > . (30)
These relations coincide with the classical one only if < ∇V (~r) >= ∇V (< ~r >). This
happens only for very special forms of the potential, the harmonic oscillator being an
example. Only in these special cases, we may say that the center of the wave packet
follows a classical trajectory.
However, the situation discussed here is somehow different from that analyzed in the
Ehrenfest’s theorem. In fact the expectation value of the scale factor of a quantum model
derived from gravity and a perfect fluid of attractive nature is reproduced by a classical
model where another fluid, of repulsive nature, appears. This seems somehow mysterious.
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Some insights into what is happening in this case may come from the employement of
the ontological interpretation of quantum mechanics. In this case, the problem of time is
solved in any situation (not only when a matter field is present). In fact, the ontological
interpretation predicts that the system follows a real trajectory given by the equations
pq = S,q, (31)
where the subscript q designates one of the degrees of freedom of the system, and S is the
phase of the wavefunction, which is written as Ψ = ReiS, R and S being real functions.
The equation of motion (31) is governed not only by a classical potential V but also by a
quantum potential VQ =
∇2R
R
.
These considerations suggest that the quantum potential has, at least in the case of
the quantization of perfect fluid systems, a very clear behaviour which can be classically
reproduced by a repulsive stiff matter fluid. However, we must stress that even in this case
we must find first the wavefunction, through the Wheeler-de Witt equation, determining
than its phase, from which the bohmian trajectories is computed. In the quantum models
studied previously, it is not possible, in principle, to identify a classical and quantum
potential in terms of the scale factor from the begining. Moreover, even if this would be
possible, the classical analogous we have determined are completely independent of the
Wheeler-de Witt equation.
Since we have a classical analogous of the bounce models determined through the
Wheeler-de Witt equation, we can investigate if the repulsive effect leading to the avoid-
ance of the singularity may spoil the stability of the model. First of all we define what
we understand here by instability. A cosmological model is considered unstable if the
perturbative variables diverge when all background quantities are finite. Here, we will
consider a weaker condition: the model is unstable if the perturbed quantities takes very
large values in comparison with the background quantities, even if they are not divergent.
This is due to the fact that, if this happens, the hypothesis of homogeneity and isotropy,
employed in the definition of the background, are compromised.
Let us consider our non singular classical system. It can be written as
Rµν = 8πG
[
M
T µν −
1
2
gµν
M
T
]
−8πG
[
Q
T µν −
1
2
gµν
Q
T
]
, (32)
M
T
µν
;µ = 0 (33)
Q
T
µν
;µ = 0 . (34)
We perturb these equations in the usual way, introducing the quantities gµν =
0
gµν +hµν ,
ρM =
0
ρM +δρM , ρQ =
0
ρQ +δρQ. The computation of the perturbed equations is quite
standard[13], and we just present the final equations, at linear level:
h¨+ 2
a˙
a
h˙ =
1
αM − αQ
[
− (1 + 3αM)
(
2
a¨
a
+ (1 + 3αQ)
a˙2
a2
)
∆M
+(1 + 3αQ)
(
2
a¨
a
+ (1 + 3αM)
a˙2
a2
)
∆Q
]
, (35)
7
∆˙M + (1 + αM)
(
Ψ− h˙
2
)
= 0 , (36)
(1 + αM)
[
Ψ˙ + (2− 3αM)
a˙
a
Ψ
]
−n
2
a2
αM∆M = 0 , (37)
∆˙Q + (1 + αQ)
(
θ − h˙
2
)
= 0 , (38)
(1 + αQ)
[
θ˙ + (2− 3αQ)
a˙
a
θ
]
−n
2
a2
αQ∆Q = 0 . (39)
In these expressions, we have used the following definitions: h = hkk
a2
, ∆M =
δρM
ρM
, ∆Q =
δρq
δρ
, Ψ = δuiM , θ = δu
i
Q, where δu
i
M and δu
i
Q are the perturbations on the four velocity of
the normal and repulsive fluid respectively.
The perturbed equations presented above do not seem to admit analytical solutions
for the background solutions (26,27,28). Hence, we are obliged to perform a numerical
integration. In figures 1, 2 and 3 we display the evolution of density perturbations for
the exotic fluid for the cosmological constant, dust and radiative cases respectively, in
the long wavelength limit n→ 0. The other perturbed quantities exhibits essentially the
same features.
From the numerical study performed we can expose the following conclusions. When
the cosmological constant is coupled to the repulsive fluid, the bounce model is unstable.
Approaching the minimum of the scale factor (which in all three cases occurs in the
origin), the perturbations diverge. However, when the dust or radiative fluid is coupled
to the repulsive fluid, the perturbations behave regularly during all the evolution of the
Universe. Hence, these models are stable. The different behaviours for the cosmological
constant and the other cases may be easily understood. Indeed, in [11] a stability study
was performed for the same repulsive fluid (represented there by a free scalar field); the
curvature was taken to be negative. Instabilities were found in the absence of ordinary
matter. What there is in common between the analysis made in [11] and the present
cosmological constant plus repulsive fluid model is that when the normal fluid decouples
from the repulsive fluid, the repulsive fluid becomes the only one to contribute to the
right hand side of (32): it drives an unstable behaviour. In the other cases (dust and
radiation), both fluids appear in the right hand side of (32), and hence the perturbations
of the normal and repulsive fluid do not decouple; their interaction stabilizes the model.
In spite of the fact that we display the results for n = 0 only, for other values of
n the features are very similar. For very large values of n, the perturbations exhibit
strong oscillations, and they become divergent near the minimum of the scale factor for
the cosmological constant case. Of course, we have studied the stability of the classical
analogous of the quantum model. But, this study leads to some insights to what happens
in the original framework.
The main point of the present work is that the quantum model, derived from the
Wheeler-de Witt equation for gravity plus perfect fluid through the Schutz’s formalism,
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has a classical analogous. In this classical analogous system, the perfect fluid is coupled
to another perfect fluid, with a fixed equation of state pQ = ρQ which appears with a
”wrong” sign for the gravitational coupling. The existence of this classical analogous for
all equations of state of the normal fluid studied in this work, rises doubts about the
true quantum nature of the original quantum cosmological scenario. It is not clear to
us how to solve this doubts for the moment. But, the existence of a classical system
reproducing different quantum models may indicate that the quantization of a gravity
system in the mini-superspace may be not a real quantization and a more carefull analysis
of this problem is deserved.
In the analysis performed previously, it has been considered a specific superposition
of the solutions of the Wheeler-de Witt equation. Since these solutions are not square
integrable, a superposition of them is in fact a necessity in those models. It can be argued
that other types of superpositions are possible which may not be in agreement with the
classical analogous treated here; all the richness of the original quantum model would not
be reproduced by the classical model. However, the superposition procedure must agree
with physical requirements as, for example, the localization of the wave packet, what is
the case of the preceding examples. We may guess that other possible superpositions,
satisfying the same physical requirements, will lead to essentially the same results.
A perturbative study was performed in the classical model. It can happens that a
bounce model, where the avoidance of the singularity is obtained through an anti-gravity
phase, may not be a stable model. We have verified that when the normal fluid decouples
from the other perturbed equations, in such a way that the metric perturbation are
coupled to the repulsive fluid only, the background model is unstable. Otherwise, we can
obtain stable singularity-free models with an anti-gravity phase.
We must stress that the classical analogous model reveals that the ”quantum effects”
exhibit an anti-gravity behaviour. That is, the singularity is avoided with conditions
much more stronger than the simple violation of the strong energy condition, as it hap-
pens in many others singularity-free models [14]. It must also be emphasized that all
considerations have been done for a perfect fluid quantum model. It should be important
to verify if the correspondance found here remains when gravity are coupled to matter
fields. In [15] the case of a free scalar field was analyzed. However, a free scalar field is
equivalent to stiff matter. Consequently, the classical analogous (if still valid for this case)
would contain two kinds of stiff matter, an attractive one and a repulsive one. Perhaps,
the strange behaviour founded in [15], with the quantum phase being recovered for large
values of the scale factor, is due to this fact. This specific case deserves to be analyzed.
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Figure captions
Figure 1: Behaviour of ∆Q(t) for n = 0 with cosmological constant.
Figure 2: Behaviour of ∆Q(t) for n = 0 with a dust fluid.
Figure 3: Behaviour of ∆Q(t) for n = 0 with a radiative fluid.
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